Introduction
We consider spectral asymptotics for the Neumann problem − y ′′ = λµy,
where the weight µ is a self-conformal measure on a line.
Remark 1.
It is well known, that the change of the boundary conditions causes rank two perturbation of the quadratic form corresponding to the problem. It follows from the general variational theory (see [1, §10.3] ) that counting functions of the eigenvalues of boundary-value problems, related to the same equation, but different boundary conditions, cannot differ by more than 2.
The problem of the eigenvalues asymptotic behavior for this problem goes back to the works of M. G. Krein (see, for example, [2] ).
From [3] it follows that if the measure µ contains absolutely continuous component, its singular component does not influence the main term of the spectral asymptotic.
In the case of singular measure µ it follows from early works by M. G. Krein , that the counting function N : (0, +∞) → N of eigenvalues of the problem (1) admits the estimate o(λ [4] or [5] , and also [6] for similar results for higher ever order operators and better lower bounds for eigenvalues for some special classes of measures).
The problem is comparatively well-studied in the case of a self-similar (self-affine) measure. Exact power exponent in the case of self-similar measure was obtained in [7] .
It is shown in [8] and [9] that the eigenvalues counting function of problem (1) for the self-similar weight has the asymptotics
where D ∈ (0, 1 2 ) and s is a continuous T -periodic function, dependent on the choice of the weight µ (see also [10] for similar asymptotics in the case of an arbitrary even order differential operator, and [11] for similar results for problems containing two self-similar measures). A series of works [12, 13, 14] is dedicated to the fine properties of the function s for incrementally generalized classes of self-similar measures.
The aim of this paper is to find the power exponent D in the case of self-conformal measure with some special properties. This paper has the following structure. Sect. 2 provides the necessary definitions of self-conformal measures, derives their properties and defines some restrictions. Sect. 3 introduces the formal boundary value problem and defines the spectrum under consideration. Sect. 4 gives the definition of the deformed self-similar measure establishes the spectral asymptotics for them and formulates the strong bounded distortion property, which is the main restriction on the self-conformal measures considered in this paper. Sect. 5 shows the connection between self-conformal measures with strong bounded distortion property and deformed self-similar measures, thus extending the spectral asymptotics to them.
We denote by C different constants, the values of which are of no consequence.
Self-conformal measures on a line
Let m ≥ 2. We say / = (ϕ 1 , . . . , ϕ m ; ρ 1 , . . . , ρ m ) is a conformal iterated function system on [0, 1], if:
Positive numbers
Remark 2. Clearly, the conformity property is redundant on a line, but we use the same terminology as in multidimensional case for compatibility. For multidimensional definition on a smooth Riemannian manifold see [17] . For more general definitions in a complete metric space, see [16] .
Without loss of generality we assume, that ϕ i are numbered in ascending order, i.e.
We define boolean values e i as follows:
As such, e i = 1 when ϕ i changes the orientation of the segment. We define the operator S on the space L ∞ [0, 1] as follows:
Proof.
We note, that max i ρ i < 1, which proves the lemma.
Hence, by the Banach fixed-point theorem there exists a (unique) function C ∈ L ∞ [0, 1] such that S(C) = C. Function C(t) could be found as the uniform limit of the sequence S k (f ) for f (t) ≡ t, which allows us to assume that it is continuous and monotone, and also C(0) = 0, C(1) = 1. The derivative of the function C(t) in the sense of distributions is a measure µ without atoms, invariant with respect to / in the sense of Hutchinson (see [16] ), i.e. it satisfies the relation
for any measurable set E. Definition 1. We call µ self-conformal measure and denote it
Remark 3. For a fixed measure µ the choice of iterated function system is not unique. Also, the definition does not require the function system to be conformal. For example, we will define measures using W 1 ∞ diffeomorphisms later. However, we call measure µ self-conformal only when it is possible to choose appropriate C 1+γ diffeomorpisms to define it.
Lemma 2. Let us define
Then measure µ is singular with respect to Lebesgue measure.
Proof. It is obvious, that
thus for every measurable set E |Φ(E)| ≤ α|E|,
Hereafter we always assume, that
In particular, 3 Sturm-Liouville problem with self-similar weight
We consider the formal boundary value problem
We call the function y ∈ W 
where
It is clear, that ϕ i are C 1+γ diffeomorphisms and the lemma is proved.
i.e. there exist constants C 1 , C 2 > 0, such that for all λ ≥ 0
) is the only solution of
Theorem 1. Let µ be a deformed self-similar measure. Then
i.e. there exist constants C 1 , C 2 , such that for all λ ≥ 0
Note, also, that by changing the variable t := g(x) we obtain
Hence, from (6) it follows, that
thus, from (5) and (7), using Courant-Fischer-Weyl min-max principle, we obtain
Note, that by the Proposition 1
and the theorem is proved.
Definition 3. Let's introduce the following notations:
for a word w = (i 1 , i 2 , . . . , i k ) ∈ Σ k we say |w| = k, denote
and denote by x w the unique fixed point of ϕ w :
We will also use notation ϕ [k] for the composition of k instances of function ϕ. 
for all x, y ∈ [0, 1] and all w ∈ Σ * . For a deformed self-similar measure we have
for every word w ∈ Σ * , thus
for almost every
does not depend on the order of elements of w, thus for C = Q 2 /q 2 we have
for all x, y ∈ [0, 1], all w ∈ Σ * and all permutations σ ∈ S |w| . We call this strong bounded distortion property. We are going to show in Sect. 5, that this property is sufficient to prove, that self-conformal measure is a deformed self-similar measure.
Remark 6. It follows from (8) , that if g ′ exists at the point x i , then
is not defined, then
so if ϕ i are C 1+γ diffeomorphisms, then it is easy to see, that for all x ∈ [0, 1]
thus
and, yet again, we have |ϕ ) is the only solution of
Deformation construction
Consider a self-conformal measure This section is concerned with two questions:
• If there exists a mapping g, such that µ = µ 0 • g.
• If there exist S 1 , S 2 , . . . , S m , such that g is a W 1 ∞ -diffeomorphism.
Construction
It is clear, that
Let's construct mapping g explicitly by defining
connecting the dots linearly on each interval ϕ w (U i ), and thus everywhere outside supp µ, and extending the definition continuously onto supp µ. By this definition, µ = µ 0 • g, and g ′ exists almost everywhere by Lebesgue measure.
and µ = µ( ϕ 1 , . . . , ϕ m ; ρ 1 , . . . , ρ m ).
Proof. Function g is continuous and strictly monotonous by definition, so g −1 is also continuous, and so is ϕ i for every i. Using (10) we obtain for all w ∈ Σ *
thus ϕ i = ϕ i on supp µ, since both functions are continuous and every point of supp µ is a limit point of the set {ϕ w (0), w ∈ Σ * }. Fixed point x w is also a limit point of the set {ϕ w (0), w ∈ Σ * }, since x w = lim
w (0). Outside supp µ functions ϕ i are linear on every interval, moreover, for all i = 1, . . . , m, j = 1, . . . , m − 1, v, w ∈ Σ * we have
which gives us the relation ϕ
Smoothness
We want to choose S i in such a way, that g turns out to be
where c i are arbitrary, but chosen in such a way, that µ and µ 0 have the same structure as described at the beginning of Sect. 5.
Lemma 6. Let (ϕ 1 , . . . , ϕ m ) satisfy the strong bounded distortion property. Then for every w = (i 1 , . . . , i k ) ∈ Σ * and every x ∈ [0, 1]
for some C > 0.
Proof. From (11) we obtain, that since ϕ ′ w is an average of ϕ ′ w on intervals outside supp µ, then for every x ∈ [0, 1] there exist some
Thus, it is sufficient to prove, that
for some C > 0, every w = (i 1 , . . . , i k ) ∈ Σ * and every x ∈ [0, 1]. Using strong bounded distortion property we conclude, that without loss of generality, we could assume, that
for certain values of k 1 , . . . , k m . By the estimate (9), for every x ∈ [0, 1] we have
The products converge, since α i < 1, γ > 0. Now it is sufficient to note, that
m (x), is a product of m bounded terms. Lemma 7. Let self-conformal measure
satisfy the relation (3) and the strong bounded distortion property. Then µ is a deformed self-similar measure, i.e. µ = µ 0 • g, where
far a.e. x ∈ [0, 1] and all w ∈ Σ * . From (12)
, and by Lemma 6 we have
Note, that for all x, y ∈ U :=
for some C 1 > 0, since g ′ has only finite number of values inside U. Thus, since
we conclude, that
for all x, y ∈ Every conformal iterated function system fulfils the bounded distortion property (see [17, Lemma 2.1]), but not every conformal iterated function system fulfils the strong bounded distortion property. Example 1. Denote w 1 = (1, 2, 1, 2) and w 2 = (2, 1, 1, 2). Consider C 1+γ diffeomorphisms ϕ 1 and ϕ 2 , such that for some ε > 0 we have
for every x ∈ ϕ w 1 ([0, 1]), y ∈ ϕ w 2 ([0, 1]). We could, for example, choose ϕ 1 (x) = ax for some 0 < a < 1, and construct ϕ 2 (x) in such a way, that √ 1 − ε · ϕ 
